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Keywords: Skorokhod space D[0, 1], random processes with random time 
substitution. 

Introduction. 

In this paper the problem of convergence in distribution for sequence of 
random processes with random time substitution in Skorokhod space D[0, 1] 
is considered. We prove the limit theorem for random processes with ran- 
dom time substitution, some its corollaries and applications to the Insurance 
Mathematic. 

In the monograph [3] D.S. Silvestrov studies the convergence of sequences 
of random processes with random time substitution (limit theorems for com- 
plex random functions). 

In this paper we investigate the convergence of a sequences of superposi- 
tions of random processes, when the outer and inner random processes are 
independent. We require that sequences of outer and inner processes con- 
sidered converge and impose some additional conditions on them. On the 
inner processes we impose the conditions of increase and non-negativity of 
trajectories. It is necessary to ensure the correctness of the definition of su- 
perposition of random processes. Also we impose two conditions (A) and 
(B) on outer and inner processes relatively. The fulfillment of one of them 
involves the convergence of the sequence of random processes with random 
time substitution (Theorem 1). We adduce several examples which show that 
the convergence is not true when we weaken this conditions. 
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1 Notation and preliminary results 



Denote: A[0, k] (k e N) is a class of strictly increasing continuous mapping of 
the segment [0, k] on it self such that A(0) = 0, X(k) = k; D[0, k] (relatively, 
D[0, oo)) is a Skorokhod space, i.e. the space of functions defined in the 
segment [0, k] (interval [0, oo)) in R, right-continuous and with a finite limit 
on the left. In the space D[0, k] we will consider the Skorokhod's metric 

Pk(x,y) = 

= inf{e > : 3A e A[0, k], sup \x(t) - y(X(t))\ < e, sup \X(t) -t\< e}, 

0<t<k 0<t<k 

x,yeD[0,k]. By 

Poo( X ,y) = t^iT^y x ' yeD[0 ' oo) 

we will denote the metric in D[0, oo). The sufficient conditions of weak 
convergence in this space for example are in [5]. 

Let A is a measurable subset of D[0, k] {D[0, oo)). We will say that X 
is a random process in A or that almost all trajectories of random process 
X belong to A if there exists a Borel probability measure C(X) in D[0, k] 
(D[0,oa)) such that C(X)(A) = 1. If X is a random process in D[0, k] 
then measure C(X) is uniquely defined by random process X and is called 
the distribution of random process X. Also by C(G) we will denote the 
distribution of random element G. If it does not lead to contradictions we 
will denote by the same symbol the random process and the random element 
with overlapping distributions. 

Let X, X n , n e N are the random processes in D[0,k]. We will write 
X n A X in D[0,k] at n — > oo, if the sequence of distributions C(X n ) weak 
converges to distribution C(X) in D[0, k]. By symbol — we will denote the 
almost sure convergence. 

Let X' n is a sequence of random processes in D[0, oo) and A„ is a sequence 
of random processes with non-decreasing non-negativity almost sure finite 
trajectories in D[0, 1] such that A n (0) = 0. Let X' n — > X' at n — > oo in 
D[0,oo), A n A A at n — > oo in D[0, 1], A^ and A n are independent for all n 6 
N. Consider the random processes with random time substitution X n (t) = 
X n (A n (t)), t e [0,1], X{t) = X'(A(t)), t e [0,1]. Since the trajectories of 
A n , A are non-decreasing, nonnegative and right-conditions, the trajectories 
of X n , X are in the space D[0, 1]. 
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Consider the space E = D[0, oo) x 5[0, 1], where B[0, 1] denotes the set of 
non-decreasing non-negative function of space D[0, 1]. Introduce the metric 
in E by equation: 

Pe(zu z 2 ) = Poo (xi,x 2 ) + pi (yi,y 2 ), (^i,yi), (x 2 ,y 2 )eE. 

The space has the Tihonov topology. Consider the operator F of the space 
E in space D[0, 1]: 

F(x,y) =101/, 

where o denotes the superposition of functions. We will interest the subsets 
of E, where operator F is continuous. Denote: E\ = D[0,oo) x n[0, 1], 
where II[0, 1] C B[0, 1] is a space of strictly increasing continuous functions 
satisfying the condition: 

exists C > such that /(l) = C for all / G n[0, 1]. (*) 

Let E 2 = C[0, oo) x B[0, 1]. It is easy to see that E 1 ,E 2 C E. In the spaces 
B[0, 1] and II [0, 1] we will consider the metric p\. 
The following lemmas are needed for further. 

Lemma 1 Operator F : E\ — > D[0, 1] is continuous. 

Proof. Let the functions g n , g belong to Skorokhod space D[0,oo), the 
functions 7„, 7 belong to the space II [0, 1] and 

Poo(9n,9) -> at n -»• 00, pi(7n,7) -»• at n -> 00. 

Show, that pi(<7n 7n, fl 1 7) — >• at n — > 00. Let the function A n G A[0, 1] is 
arbitrary. Denote ^ n (t) = 7„A~ 1 7~ 1 (t). It is easy to see that \i n G A[0,7(l)]. 
Then 

sup \g n hn(t)) - g(-f(X n (t)))\ = 

0<t<l 

= sup MMTOnO))) - g(<y(\ n (t)))\ = sup \g n (ii n (t)) - g(t)\. 

0<t<l 0<t<7(l) 

Let e > 0. The convergence c/ n — * g at n — > 00 in D[0,oo) implies that 
exists ni G N such that for all n > ri\ there exists a function v n G A[0,7(l)] 
satisfying the inequalities: 

sup \g n {v n (t)) - g{t)\ < e, sup \v n (t) -t\<e. (1) 

0<«<7(1) 0<t<7(l) 

Choose X n {t) = 7 _1 ^ r 7 1 7 n (t). It is easy to see that A n G A[0, 1]. Note that 

SUp \X n (t) -t\= SUp I7" 1 //- 1 7n (t) - t| = SUp |7 _1 (^n - 7n < 

0<t<l 0<t<l 0<t<7„(l) 

3 



< SUp \r>n(t))- 1 -\t)\+ SUp \ 1 -\t)- 1 ~\t)\ = 

0<t<7n(l) 0<t< 7 „(l) 

= sup \ 1 ~\v- l (t)-t + t)- 1 -\t)\+ sup iT^W-Tn'WI- 

0<t<7(l) 0<t<7(l) 

Let 5 > is arbitrary. The inequalities (0Q) imply that we can choose n 2 G N 
such that for all n > n 2 

sup |z/ n (£) — t| < 5. 

0<<<7(1) 

The continuity of function 7 _1 (t) implies that exists < S < e such that the 
inequality 

sup \v n (t) — t\ < S implies sup |7~ (v~ (t) — t + t) — -y~ 1 (t) | < - 

0<*<7(1) 0<t<7(l) 2 

is true. 

The convergence 7„ — > 7 at n — > 00 in £)[0, 1] and continuity of 7(i) imply 
(see [lj, sect. 14) the convergence 7„ — > 7 at n — > 00 in the uniform norm 
of space C[0, 1]. The monotony and continuity of functions j(t),j n {t) imply 
the convergence 7" 1 — > 7 _1 at n — > 00 in C[0, 7(1)]. Therefore exists n 3 G N 
such that for all n > n 3 

sup | 7 -i(*)- 7 -i(*)|<£ 

0<*<7(1) / 

Thus for all n > max{ni, n 2 , ^3} 

SUp \g n {ln{t)) - g(lf{K{t)))\ < £, SUp \\ n (t) -t\ < 6. 
0<t<l 0<t<l 

By reason of the arbitrary choice of e this implies the convergence p\{g n o 
ln-,9 l) -+0 at Ti — ► 00. Lemma is proved. 

Lemma 2 Operator F : E 2 — > -D[0, 1] ?s continuous. 

Proof. Let the functions g belong to the space C[0, 00) and the 
functions j n , 7 to the space B[0, 1]; and the following conditions are satisfied: 

Poo(g n , g) -»• at n -> 00, pi(7„, 7) -> at n -> 00. 

Show that 

pi(#n °7n,9°7)^0atn^oo. 

Note that 

Pi{9n ln,9 l) < sup |5f n (7„(t)) - p(7„(t))| + 

0<i<l 
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+ inf /3>0:3AG A[0,1], sup \g( ln (t)) - g(>y(\(t))\ < (3 , 
{ o<t<i 

sup \\{t)-t\ <p\. (1) 

0<t<l J 

Let e > 0. Consider the right part of inequality (1). We are: 

sup \g n {ln{t)) - g{ln{t))\ < sup \g n (t) - g(t) \ . 

0<t<l 0<t<Jn(l) 

The convergence 7„ — > 7 at n — > 00 in D[0,1] implies the finiteness of 
sequence 7„ in metric p\. Therefore there exists a number iV G IN such that 
7n(l) < ^V" for all n G N. The continuity of g implies (see. [lj, s. 14) the 
convergence of sequence g n in uniform norm. Thus there exists ri\ G N such 
that for all n> ri\ 

sup \g n (t) -g(t)\ < sup \g n (t) - g(t)\ < -. (2) 

0<t<7„(l) 0<t<N * 

The continuity of g implies that exists < 5 < | such that 

|<7(t)-<?(s)|<| 

for all < t, s < N and the condition \t — s\ < S is satisfied. Thus j n — ► 
7 at n — > 00 in D[0, 1] there exists n 2 G N such that for all n > n 2 we can 
choose a function A n G A[0, 1] with property: 

sup \j n (t) - 7(A n (t))| < 5, sup \X n (t) - 1\ < 5. 
0<t<l o<t<i 

Therefore for all n > n 2 

inf \/3 > : 3A n G A[0, 1], sup \g{-y n (t)) - g{l{K{t))\ < (3, 

{ 0<*<1 

sup \X n {t)-t\ <P\<~. (3) 

0<*<1 J ^ 

Let n = max{n 1 ,n 2 }. Then (1), (2) and (3) imply 

Pi On °7n,#°7) < £ 

for all n > hq. Lemma is proved. 
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2 The main results. 



Further we will consider the sequences of random processes X' n and A n meet 
one of the following conditions: 

A n — > A at n — > oo in n[o,i], X at 

n — >• oo in D[0, oo) (A) 



A„ A at n — >• oo in £[0,1], X; -4 X' at n — > oo in C[0, oo) (5) 

Theorem 1 Zei i/ie random processes X' n and A n , X' and A are independent 
for all n G N and i/ie condition (A) or (B) is satisfied. Then 

X n —> X at n — > oo in D[0, 1]. 

Proof. Let the condition (A) is satisfied. By Skorokhod theorem about 
one probability space (see, for example, theorem 11 in section V in pj), it 
exists the probability space (fl[, 2li, Pi) and the random processes G' n : Q[ — > 
D[0, oo) such that 

1) £(X' n ) = £(G' n ); 

2) G; ^ G' at ra -> oo in £>[0, oo). 

Denote by fli the measurable subset of fl[ such that Pi (Hi) = 1 and 
the convergence 2) is true for all uj\ G Q.\. Also by Skorokhod theorem the 

convergence A n A A at n —>■ oo in C[0, 1] implies the existence of probability 
space (f2 2 ,2L 2 ,P 2 ) and random processes T n : f2' 2 — > C[0, 1] such that 

1) £(r n ) = £(A n ); 

2) r n ^ T at n oo in C[0, 1]. 

In the capacity of measurable subset A C C[0, 1] consider the set I1[0, 1]. 
Thus C(r n )(A) = C(A n )(A) = 1 and C(T)(A) = C(A)(A) = 1, the random 
elements T n and T take values in II [0, 1]. Denote by fl 2 the measurable subset 
of Q' 2 such that P 2 (f2 2 ) = 1 and the convergence 2) is true for all lo 2 G Q 2 . 
Further we will consider the probability space (f2, a, P), where fl = Q\ x Q 2 , 
the cr- algebra 21 consists of elements of a- algebra 2li x 2l 2 belonging to fl, the 
probability P is a restriction of probability Pi ® P 2 to cr-algebra 21. Denote 

G n (t) = G' n (T n (t)), te[0,l}; 
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G(t) = G'(T(t)), te [0,1]. 

Thus the trajectories of random process T n are nondecreasing, the tra- 
jectories of G n belong to the Skorokhod space D[0, 1]. 

Let u = (^1,^2) G Q, then the functions g n (t) = G' n (t)(u>i), g{t) = 
7„(t) = r n (t)(a;2), t(^) = r(t)(c<j2) satisfy the conditions of Lemma 
1. Therefore, 

Pi(g n °7n,9°7)^0atn^oo 

and G n ^> G at n — > 00 in D[0, 1]. This implies the convergence X n X 
at n — > 00 in D[0, 1]. 

When the condition (£) is satisfied the proof is similar, but instead 
Lemma 1 we use Lemma 2. The proof s completed. 

NB. The proof of Theorem 1 for the condition (B) is given in [3], see. 
sections 2 and 3. 

The following example shows that we can't waive the conditions (*) on 
the functions of space IT[0, 1]. 

Example 1. Define the sequence of the functions: 



9n(t) 



lif |-^r<t<oo, 
if < t < \ - 



This sequence converges in Skorokhod metric to the function 

g(t) = 



1 if \ < t < 00, 
if < t < \. 



Let the sequence of functions J n (t), t G [0, 1] is defined by equalities: 

J2n(t) = «2n Q " ^+1) 

72 „+i(t) = a 2n+1 Q + 7^777) *, 

where a n = 1 — — > 1, ai = 0. Let 7(t) = |t. It is easy to 

see that j n (t) — ► 7(£) at n — ► oo. The require 7 n (l) = 7(1) is violated. In 
addition note that girSciin (t)) = 0, 

f i if 2 , 92n+ 2 l 2 r 1 - 1 — < t < i, 

^i(Twi(t))= n . f n ( r;: t 2 " +i 2 ^i~ ' 

y U II U ^ t < Z (2*H-i+l) oaB+1 • 

and the sequence #271+1(7271+1 CO) — > 1 at n — » 00 in D[0, 1]. Since #(7(t)) = 1 
then g n o 7„ y4 g o 7 at n — ► 00 in D[0, 1]. 
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The following example shows that the condition of continuity of limit 
function g in Lemma 2 is significantly. 

Example 2. Consider the sequence of the functions 



9n(t) 



1 if \ ~ ^ < t < oo, 
if < t < \ - ±. 



Then g n — ► g at n — ► oo b D[0, oo), where 



g(t) 



1 if ± < t < oo, 
if < t < \. 



Let the sequence of the functions 7n(t), £ G [0,1] takes a constant values: 
ln{t) = \ — 2^tt an d 7(t) = 2- Then 7 n (£) — > 7(t) at n — > oo. It is easy to 
see that g n (ln(t)) = 0, g{^{t)) = 1 and therefore g n o 7 n g o 7 at n — > 00 
in D[0,1]. 

Consider some corollaries of this theorem. 

Denote by 7r(t), £ G [0, 00) the Poisson random process with intensity 1. 
Consider the sequence of random processes 

ir(nt) 

K(t)= *e[o,i], 

i=l 

where £j n are independent identically distributed for each n G N random 
variables and A n is a sequence of random processes with nonnegative non- 
decreasing almost sure finite trajectories in D[0, 1] such that A n (0) = 0. 
Denote: 

7r(A n (t)) 

x n (t)= te [0,1]. 

1=1 

By W we will denote the Winer random process with trajectories in D[0, 00), 
by W — the Winer random process with random time substitution: W(t) = 

W{A{t)),te[o,i}. 

Corollary 1. Let ^ — ► A at n —> 00 in D[0, 1]. E"=i £m — ► 7 atn ^ 00, 

where 7 is Gaussian random variable with zero mean and variance equal to 
one. Let A n , n, £ in and A, W are independent. Then 

X n S W atn^ 00 m D[0,1]. 



Proof. The convergence 6m — ► 7 &t ^ — ► 00 implies (see the corol- 
lary 1 in [6]) the convergence X' n — ► W at n — ► 00 in D[0, 00). Since the 
condition (5) of Theorem 1 is satisfied. 
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Corollary 1 can be applied to Insurance Mathematic. Consider the fol- 
lowing model: let n is a count of contracts sold by an insurance company, £j„ 
is a extent of loss in the i-th insured accident for a portfolio of n contracts. 
Assume that are independent identically distributed for each n G N ran- 
dom values and that the count of accidents in the portfolio of n contracts to 
the moment t is described by Poisson process n(nt) with intensity 1. Then 
the random process 

7r(nt) 

Kit) = ]T 6„, t e [0, l] 
i=i 

describes the losses of insurance company, which came to moment t. This 
model does not take into account the significant for the insurance company 
fact that the number of insurers' contracts during the period of time consid- 
ered changes unevenly. Let A n (t) is a sequence of random processes describing 
the number of operating by the time t contracts. Suppose that the number 
of contracts increase (i. e. the trajectories of process A„ are not decrease). 
Then the random process 

7T(A„(t)) 

Xn(t)= *e[0,l] 
i=l 

describes the amount of loss of the insurance company at the time t by the 
current at that time contracts. 

Assume that ^ — > A at n — > oo, then the problem of asymptotic behavior 
of loss processes can be solved by means of Corollary 1. 

In terms of practical calculations the following case is interest. Suppose 
that with the growth of the insurance portfolio fluctuations of intensity of 
the process of new contracts dues become insignificant, i. e. A(t) = at where 
a > is a some constant. The Corollary 2 is a particularly case of Corollary 
1. 

Corollary 2. Let ^ A at n -> oo m D[0, 1], A(t) = at, £™ =1 £ in ^ 7 
at n — > 00, where 7 is a Gaussian random variable with zero mean and 
variance equal to one. Let A n , n and are independent. Then 

X n \faW' at n — > 00 
in D[0, 1] m i/ie uniform norm. 
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